This paper investigates the benefits of incorporating underlaid full-duplex (FD) device-todevice (D2D) communications into cellular networks. Toward this end, we provide an analytical performance characterization of underlaid D2D cellular networks where D2D users operate in FD mode under the presence of residual self-interference. In considered networks, the base-stations (BSs) are distributed according to a hexagonal grid, while the locations of cellular and D2D users follow Poisson point processes (PPPs). Based on the stochastic-geometry approach, we develop the approximations of key performance metrics including coverage probabilities and achievable sum-rates of both cellular and D2D links, and such approximations involve quickly commutable integrals. Under a special case in which the number of D2D links is sufficiently large, the obtained approximations can be simplified to closed-form expressions, allowing characterize the sum-rate behaviors under the effects of various system parameters. We show that underlaid D2D communications in cellular network can offer a significant spectral efficiency gain as compared to pure cellular transmission. With a sufficiently low self-interference cancellation level, FD D2D can offer substantial spectral efficiency improvement over the half-duplex (HD) counterpart. Finally, the resulting performance metrics are compared with multi-cell networks operating in standard and fractional frequency reuse modes, and observe that frequency reuse provides improved coverage probabilities of both cellular and D2D links, but substantially reduces the D2D sum-rate performance.
I. INTRODUCTION
In recent years, device-to-device (D2D) communications has been considered as an innovative feature of future cellular networks [2] , [3] . Instead of routing through base-station (BS), D2D users communicate directly with each others, thus not only enhancing spectrum efficiency, but also reducing network congestion [2] , [3] . D2D communications also helps shorten packet delay, save power, and enable location based applications [2] , [3] . In standards, D2D has been proposed as a solution for public safety networks [4] . Additional D2D networking capabilities, e.g., multi-hop for Internet of Things (IoT) applications, has been considered in [5] , along with more use cases such as utilizing the D2D platform for reliable vehicle-to-everything (V2X) communications [6] .
Given such benefits and standardization efforts, the consideration of underlaid D2D transmission in cellular networks
The associate editor coordinating the review of this manuscript and approving it for publication was Zhenhui Yuan . has received some interest, but mostly dedicated to deterministic models (please see e.g. [7] , [8] ). For more realistic results, it is also of great interest to investigate the benefits offered by D2D in random network models. Many research has been undertaken to study the effect of incorporating D2D feature into existing cellular systems at the network levels by using stochastic geometry approach. For example, Lee et al. in [9] studied the key performance metrics including coverage probabilities of both cellular and D2D users and sum-rates of D2D links via power control in a single-cell network. The coexistence of D2D and cellular users has also been studied for multi-cell settings [10] - [12] . The performance of multicast D2D transmission was examined in [10] using a stochastic geometry approach. The spectrum sharing problem was investigated in [11] for both overlaid and underlaid D2D cellular networks, while the impact of underlaid D2D transmission on the cellular networks via power allocation was studied in [12] . Under this line of works, it is shown that underlaid D2D communications can offer a significant VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ performance improvement. The cognitive-radio assisted D2D transmission was developed in [13] with the consideration of a mixed overlaid-underlaid spectrum sharing. It follows that the pivotal performance metrics including coverage probabilities and maximum allowable density of D2D devices were derived to provide useful insights into system design. In prior works [9] - [13] , the D2D studies have developed and evaluated under the consideration of half-duplex (HD) D2D communications, where a D2D user can either transmit or receive on a single channel, but not simultaneously. Given a number of encouraging full-duplex (FD) designs (e.g., see [14] - [17] ), the integration of FD in D2D communications is an attractive solution for the development of new architectures and algorithms in cellular networks. FD D2D operation is appealing in such a context that the employment of FD to D2D transmission essentially does not require high self-interference cancellation level at the transmitters due to the short distance of D2D link. Since the FD D2D node uses a single carrier frequency in both transmitting and receiving signals, the FD D2D operation not only substantially enhances the spectrum efficiency but also lowers the number of carrier frequencies needed for D2D transmission.
During the last few years, integration of FD operation into D2D transmission has received some interest, but only a few efforts have been dedicated to combine FD and D2D at the network level. For instance, in a recent work [18] , the authors evaluated the performance of overlaid D2D multi-cell networks where cellular and D2D links use FD transmission. This work, however, suffers from a shortcoming that it did not take into account the consideration of fading, which is an important channel component. The benefits of FD D2D transmission in multi-cell networks in terms of throughput improvement were also investigated in [19] . Under this line of work, a D2D receiver is assumed to be at a fixed distance from the D2D transmitter with its location being followed a Poison point process (PPP). The performance of underlaid D2D cellular networks with sing-cell setting was also of interest in [20] - [22] . Our work [20] studied the coverage probabilities and sum-rates of D2D cellular networks where multiple FD D2D links, using power control, share the spectrum resource currently occupied by a cellular user. The performance of single-cell D2D cellular networks in terms of throughput was analyzed in [21] , taking into account the joint pairing and mode selection in FD D2D communications. The throughput analysis was also presented in [22] where D2D links either operate in HD or FD modes based on their corresponding distances, and D2D users were assumed to form multiple clusters.
In this paper, we extend the sing-cell setting in [20] into a multi-cell network to rigorously study the benefits of incorporating D2D transmission into cellular networks. The focus is underlaid FD D2D cellular networks where cellular uplinks and D2D links use HD and FD operations, respectively (i.e., cellular links transmit in the HD mode and D2D links use the FD mode); and they share the same time-frequency resources. We introduce a tractable hybrid multi-cell network model in which the base-stations (BSs) are distributed uniformly according to a hexagonal grid, while the locations of cellular and D2D users are modeled by Poisson point processes (PPPs). The use of such a PPP model is to capture the random and unpredictable D2D/cellular positions, which has been validated and extensively adopted in literature (see e.g., [11] - [13] ). In each cell, multiple FD D2D links communicate simultaneously by sharing the uplink spectrum with one cellular uplink. Furthermore, a universal frequency reuse (UFR) mode is employed, i.e., every cells use the same time-frequency resource in each channel. Given the random network model, we are interested in studying the key performance metrics including the coverage probabilities and sumrates. More specifically, we derive the coverage probabilities and achievable sum-rates of cellular and D2D links, as well as the spectrum efficiency gain by underlaid FD D2D in cellular networks compared to the HD counterpart. Toward this end, we utilize the tools of stochastic geometry to derive the approximations of cellular/D2D coverage probabilities and ergodic sum-rates of cellular and D2D links, which can be effectively calculated by computable integrals. Such approximations can be simplified to closed-form expressions when the D2D link density is sufficiently large. The obtained results allow to study the effect of network parameters such as D2D link distance, D2D user density and self-interference cancellation level of FD operation to the sum-rate behavior, and numerical results are also provided to confirm such behavior. Our numerical results show the amount of self-interference cancellation (SIC) to determine if HD or FD D2D is preferable. And with a sufficiently low SIC level, FD D2D can offer substantial spectral efficiency gain over HD D2D. In addition, the underlaid D2D networking feature provides a significant spectral efficiency gain when it is incorporated into existing cellular networks.
Our analysis for coverage probabilities and achievable sum-rates can be modified to derive the expressions for frequency reuse modes including standard (i.e., fixed) frequency reuse (SFR) and fractional frequency reuse (FFR). The obtained results show how the use of frequency reuse affects the network performance metrics. Specifically, the effect of newly introduced parameters due to the use of SFR and FFR, such as reuse factor and spectrum fraction allocated to each sub-band, is characterized. The employment of SFR and FFR provides an improvement on both D2D and cellular coverage probabilities, but at the cost of degrading in the sum-rates of D2D links.
We would also like to note that a part of the contributions on performance analysis in universal frequency reuse mode was presented in [1] . However, due to the limited space, the analysis in [1] is very condensed, and few important results were omitted, e.g., there were neither derivations regarding the simplified expressions of coverage probabilities and sum-rates nor the necessary conditions on the D2D link density for the case of a large number of D2D links. More importantly, compared to [1] , the analysis for standard and fractional frequency reuse modes has been added for a complete treatment of the considered problem.
The remainder of this paper is organized as follows. In Sec. II, we describe the system model of interest and define the key performance metrics. Secs. III and IV focus on the development of these metrics for cellular and D2D transmission, respectively. Extension to frequency reuse modes is considered in Sec. V. Numerical results are given in Sec. VI to confirm our analysis. Finally, Sec. VII concludes the paper.
II. SYSTEM MODEL AND PERFORMANCE METRICS
In this section, we provide a baseline model for the considered underlaid D2D cellular networks and define the desired performance metrics.
A. SYSTEM MODEL
As illustrated in Fig. 1 , we consider a hybrid network including cellular uplinks and device-to-device (D2D) links operating in half-duplex (HD) and full-duplex (FD) modes, respectively. In addition, the underlaid FD D2D links share the same time-frequency resource with the cellular uplink. The network consists of base-stations (BSs) arranged according to a hexagonal grid as in [11] in which the area of a hexagonal cell is 1/λ b , thus λ b represents the average number of i } denote the spatial locations of cellular users. We assume that the spectrum is allocated orthogonally to cellular users so that only one cellular user is active in a given channel and universal frequency reuse (UFR) scheme is deployed. This assumption, however, yields a dependent thinning of PPP c , which makes the analysis intractable, so some approximations are needed to simplify the considered network model. Specifically, we approximate the coverage region of a hexagonal cell by a disk having the same area, i.e., a circle centered at the cell origin with the radius R = 1 πλ b . Moreover, the typical cellular transmitter is always uniformly distributed within the cell coverage, which can be ensured by assuming that the density of cellular transmitters is significantly higher than that of BSs, i.e., λ c λ b . Also, the locations of active cellular users form a PPP c,a with density λ b , and the cellular interferers are located outside the coverage region of typical cellular link.
With regard to the underlaid D2D transmission, we consider a marked PPPˆ = {X
i } that models the spatial locations of the D2D transceivers forms a PPP with the density λ. Here, λ is the density of potential D2D links that wish to operate in D2D mode; the number of potential D2D links N is a Poisson random variable (RV) having the mean E[N ] = λA with A being the area of considered network. The mark m(X i ) also form a PPP with the density λ, denoted as m( ). Furthermore, the location distributions of a typical D2D node in and m( ) are identical. Therefore, to slightly avoid abuse of notations, we useˆ d = d ∪ m( d ) and X (d) i ∈ˆ d to represent the locations of D2D users in both two PPPs d and m( d ). We also should note that the consideration of marked PPPˆ is to guarantee that the instantaneous number of D2D nodes in d and m( d ) are equal in each network realization.
In this paper, we adopt a distance-based D2D mode selection in which the D2D mode of a potential D2D link can only be established if and only if (iff) the link distance d is in the range [d min , d max ]. Suppose that K out of N potential D2D links satisfy the distance constraint, the average number of operating D2D links is E[K ] = pE[N ] with p = P(d min ≤ d ≤ d max ) being the probability that the D2D link distance is in the range [d min , d max ]. As potential D2D links are active in D2D mode, their transceivers are the thinned processes of and m( ) and form two corresponding PPPs d and m( d ) with the same density λ d = pλ.
Constant powers P c and P d are assumed for cellular and D2D transmitters. The path-loss is computed as Cr −α where r is the distance, α > 2 is the path-loss exponent, and C denotes the reference path-loss determined by the carrier frequency and reference distance. As the D2D links operate in FD mode, there exists residual self-interference (SI) due to FD operation that hurts the D2D communications. In this work, we adopt an SI model in which the residual interference is reflected in the self-interference-to-power-ratio (SIPR) β as in [18] , [23] .
We assume that the typical receiver (either cellular or D2D) is located at the origin o, then the signal-to-interference-andnoise ratios (SINRs) at a typical cellular BS and a D2D receiver (either in or m( )) are written as
where the aggregate interference powers are provided by
In (1), the subscript 0 is used for the typical cellular/D2D link. Further, I to the typical receiver. For simplicity, we consider Rayleigh fading where all channel power gains follow an exponential distribution with unit parameter, i.e., G (z) y ∼ exp(1). In addition, the additive thermal noises at cellular and D2D receivers are modeled as CN (0, σ 2 z ), z ∈ {c, d}, where σ 2 z is the noise power. Here, the term βP d represents the residual self-interference power due to its own transmit power when these D2D links communicate to each other in FD simultaneously using the same time-frequency resource.
B. PERFORMANCE METRICS
In this paper, we are interested in the coverage probabilities of cellular and D2D links, defining as complementary cumulative distribution functions (CCDFs)
where γ denotes the minimum target SINR for reliable transmission at cellular uplink and D2D connections. Such coverage probabilities indicate the probability that a typical D2D/cellular link can achieve the target SINR γ [24] . Under the assumption that Gaussian signaling schemes are used at all the transmitters, the interferences, conditioned on the user locations and fading gain, are also Gaussian distributed. Therefore, we can define the instantaneous sum-rates over a cell that cellular and D2D links can achieved at a given target SINR γ as
where S represents the average number of active D2D links in a cell. The ergodic sum-rates of cellular and D2D links (per cell) can also be defined by invoking the Shannon's capacity formula as
where the expectation is taken over the SINR distribution. Before closing this section, we should note that, because we use the approximate approach for the spatial distribution of cellular transmitters, the analytical results in this work are purely approximations. Thus, for simplicity and clarity on representation of the equations, we will use the equalities instead of the more cumbersome approximations in the sequel to present the analytical expressions of performance metrics.
III. COVERAGE AND SUM-RATE ANALYSIS OF CELLULAR LINK A. COVERAGE PROBABILITY
In this section, we analyze the coverage probability of a typical cellular link. Recall that we adopt an approximation on the distribution of cellular nodes that the coverage region of a hexagonal cell is approximated by a circle with radius R = 1 πλ b . As a result, the probability density function (PDF) of cellular link distance is given by
Conditioned on the distance of cellular link X c 0 = r and note that G (c) 0 ∼ exp(1), the CCDF of typical cellular uplink at the instantaneous SINR of γ can be computed as
where
Considering the first Laplace transform in (10), it is simplified by
Here, 1 {·} denotes the indicator function. The second equality is from the assumption that only one cellular link is active in each cell, so the cellular interferers are located outside the typical cell. Furthermore, we have implemented the probability generating functional [24] of a PPP to arrive at the fourth equality, and G ∼ exp(1) in the last equality. Using a similar approach to (11), the last Laplace transform in (10) can be simplified by
where, in third equality, we have used the probability generating functional of two PPPs formed by D2D transceivers having the same density λ d . Substituting (11) and (12) into (10) yields the analytical expression of cellular coverage probability
We will now consider a special case in which the number of D2D links is sufficiently large, the D2D-to-cellular interference becomes dominant that both the inter-cell interference and thermal noise can essentially be neglected at the BS. More specifically, if I
As a result, the cellular coverage probability can be effectively computed by a simple close-formed expression
where a 2 is given in (15) . Next we find a necessary condition on the D2D link density so that (16) is valid. Since the integrand of (13) admits an exponential expression, the closedform (16) is possible to obtained from (13) when the term
Select r = R, a necessary condition on the D2D link density is written as
B. ACHIEVABLE SUM-RATES OF CELLULAR LINKS
From (5), the instantaneous sum-rate of cellular link over a cell can be directly computed via the cellular coverage probability by a single integral. For the case of large D2D link deployment, such a sum-rate can be expressed in the following closed-form
Since α > 2, (17) indicates that R c (γ ) increases to a maximum value and decays to 0 as γ increases, agreeing with the intuition: less number of cellular links achieves the increasing target SINR. The ergodic sum-rate of cellular link (per cell) can be estimated via the coverage probability as follows
where the second equation is from the Slivynak's Theorem while the third equation is obtained from integration by parts. Further, a 1 and a 2 are provided in (14) and (15), respectively. When the number of D2D links is sufficiently large, R c can be simplified to a more tractable expression
which can be evaluated effectively with one numerical integration. From (19) , we observe that the cellular sum-rate depends on two D2D-related network parameters: λ d and P d . The expression (19) also implies that, as the density of D2D links λ d increases, ergodic cellular sum-rate R c monotonically decays. When λ d → ∞, R c decays to 0 as the D2D-to-cellular interference becomes dominant.
IV. COVERAGE AND SUM-RATE ANALYSIS OF D2D LINKS A. COVERAGE PROBABILITY
We now turn our attention to the D2D transmission and evaluate the coverage probability of a typical D2D link.
As the underlaid D2D users are also assumed to be uniformly distributed within the circle having radius R, the PDF of D2D link distance can be written as follows [25] 
for r ∈ [0, 2R]. Given the range constraint on D2D link distances, this PDF can be further approximated by a more simplified Rayleigh distribution provided by [20] , [26] 
Here, the scale parameter µ is determined by the moment matching method. The approximation (21) is motivated by the fact that the closest distance of two points generated from a PPP in R 2 follows a Rayleigh distribution [24] . In addition, the scale parameter µ is obtained by fitting two distributions so that they have the same mean value. As a result, µ = 128 √ 2R 48π √ π . The probability that the distance r of a D2D link will be in the range [d min , d max ] can be directly obtained in closed-form from [26, Appendix A] p = −y 1 − y 2 4y 2 + 2 8 arccos(y)/π 2 − 2 arcsin(y)/π|
We now focus on the derivation of D2D coverage probability. The CCDF of typical D2D link, conditioned on the D2D link distance X (d) 0 = r and at the target SINR of γ , is provided by
where the second equality is from
As aforementioned, the active cellular transmitters form a PPP with density λ b . Therefore, using similar derivations with (12), we can simplify the first Laplace transform in (23) by
Simlarly, the second Laplace transform in (23) is given by
Substituting (24) and (25) into (23), we obtain the conditional coverage probability of D2D link
where the coefficients c 1 and c 2 are expressed as
De-conditioning (26) over the D2D link distance r with the PDF in (21), the coverage probability of D2D link equals
where the distance probability p is given in (22) . Adopting a similar approach to the cellular transmission, a simplification of (29) is possible when the interference from cellular and D2D transmitters to the D2D receiver is much larger than the thermal noise and self-interference due to FD operation, i.e., I
c . In this case, the SINR at D2D receiver can be reduced to SINR d =
, and subsequently the corresponding D2D coverage probability can be derived in closed-form
Here, we have used the variable transformation x = r 2 . Furthermore, a necessary condition of the D2D densities that (30) is used to accurately approximate p d (γ ) can be derived from the expression (29) . In particular, when c 2 r 2 γ 2 α c 1 r α γ , e.g., 0.1 · c 2 r 2 γ 2 α ≥ c 1 r α γ , ∀r ∈ {d min , d max }, and let r = d max , a necessary condition on D2D link density is given by 
The obtained expression (32) indicates that the achieved sum-rate of D2D links linearly increases but exponentially decays with the D2D link density λ d , i.e., as λ d increases from 0, the achieved sum-rate of D2D links increases until the maximum value of θ 1 θ 2 e at λ d = 1 θ 2 . Beyond this point, the achieved sum-rate of D2D links is reduced to 0 as λ d keeps increasing to +∞, since when the number of D2D links is sufficiently large, the interference becomes dominant. The analytical expression (32) also allows to characterize the effect SIC level β on the achieved sum-rate of D2D links.
In particular, the contribution of FD is indicated by the level of self-interference cancellation relative to the thermal noise in the term βP d +σ 2
In this term, σ 2 d /P d represents the D2D noise-to-signal power ratio or SNR −1 d . When β is sufficiently smaller than SNR −1 d , e.g., β
d , corresponding to the best sum-rate achieved by the FD operation.
We also analyze the spectral efficiency gain achieved by FD D2D transmission over the HD D2D counterpart under different SIC levels β. Toward this end, we first consider the FD-to-HD D2D sum-rate ratio
where R d (γ , r) denotes the achieved sum-rate of HD D2D links at target SINR γ and D2D link distance r. From (32), the achievable sum-rate of FD D2D links at given target SINR γ and D2D link distance r can be rewritten as
For HD D2D transmission, the corresponding coverage probability of typical D2D link and subsequently the conditional D2D link sum-rate R d (γ , d) are obtained by following a similar approach with the derivation of (33). Such a sum-rate is given in [11] by
where c 1 = σ 2 d P d C and c 2 = πλ b sinc(2/α) (P c /P d ) 2/α + πλ d sinc(2/α) . Taking the ratio of (33) and (34) , we obtain the FD-to-HD D2D sum-rate ratio as
where B 1 = r α γ /C and B 2 = πλ d sinc(2/α) r 2 γ −2/α . The result (35) indicates that FD-to-HD D2D sum-rate ratio exponentially increases as the self-interference cancellation level increases. Conditioned on the target SINR γ and the D2D link distance d, the maximum achievable FD-to-HD D2D sum-rate ratio can be achieved is 2 exp(−B 2 ). Further, FD D2D offers better sum-rate than HD D2D with β ≤ (1 − B 2 )/B 1 .
From the D2D coverage probability (29) , the instantaneous sum-rate of D2D links R d (γ ) at a given target SINR γ can be directly derived by invoking (6) . In the case of dense D2D link deployment, the obtained result can be approximated by a more tractable expression
which exhibits a similar behavior to R c (γ ) with respect to (w.r.t.) γ .
Using a similar approach to derive R c , the ergodic sum-rate of D2D links is given by
The expression (36) can be reduced to a single integral when the D2D link density satisfying the condition (31) as
where c 2 is given in (28) . From the integrand of (37), we observe that the D2D sum-rate exponentially decays as the maximum D2D link distance d max increases.
V. FREQUENCY REUSE: COVERAGE AND RATE TRADE-OFF
The deployment of universal frequency reuse inevitably suffers from the inter-cell interference, hurting the performance of both cellular and D2D transmission. In commercial cellular networks, frequency reuse schemes based on spectrum partitioning is used to reduce the interfering channels. Thus, it is also of interest to study the impact of incorporating underlaid D2D transmission in existing cellular networks operating in frequency reuse modes with the reuse factor δ > 1. In this work, we consider two common frequency reuse schemes for both cellular and D2D users: standard and fractional frequency reuse.
1) Standard frequency reuse (SFR):
In SFR, a fixed frequency reuse pattern for a reuse factor δ is adopted in the multi-cell system so that only one band is employed per cell. By doing so, the out-of-cell cellular and D2D interferers are now separated by a further distance than those of universal frequency reuse considered in previous sections, thereby reducing the inter-cell interference. In Fig. 2 (left) , we present a visual example to illustrate a fixed frequency reuse pattern where δ = 3 for the considered network. In each cell, D2D and cellular links share the same time-frequency resource.
2) Fractional frequency reuse (FFR): FFR is a modification of SFR where the cellular users in cell-edge is allocated different sub-bands of frequencies based on a reuse factor of δ while the cell-interior's users share a common subband. As a result, FFR requires (δ + 1) sub-bands in total. Since the interior cellular users do not share any spectrum with cell-edge users and cell-edge users of adjacent cell use orthogonal spectrum, the interference received at both cell-edge and interior users is significantly reduced. Fig. 2 (right) illustrates a FFR pattern for cellular users in the hexagonal grid network model with the cell-edge reuse factor δ = 3. Given cellular users in FFR mode, FFR scheme is also adopted for D2D transmission in which D2D links located in interior and cell-edge regions also operate in the same bands reserved for interior and cell-edge cellular users, respectively. As a result, the consideration of FFR classifies two types of users for both cellular and D2D communications: interior and cell-edge, based on their corresponding locations.
We should note that existing research on frequency reuse in D2D communications has focused on optimal designs of D2D cellular systems with the emphasis on reuse factor > 1 by applying advanced optimization algorithms (please see e.g. [27] - [30] and the references therein). At the network level, there have been few efforts that attempt to integrate frequency reuse into D2D transmission using stochastic geometry approach. For instance, Zhang et al in [31] studied the performance of underlaid D2D networking in cellular systems with the focus on FFR. The analysis of this work, however, can not directly apply to ours as it was assumed D2D links having a fixed distance. D2D cellular networks with FFR was also considered in [32] but only one underlaid D2D link was allowed to occupy the cellular spectrum.
A. STANDARD FREQUENCY REUSE 1) CELLULAR LINK
If the standard frequency reuse scheme is adopted, it is possible to assume that the inter-cell interference at a typical BS is essentially nulled out. As a result, the cellular performance is only affected by the D2D interferers and thermal noise. In a given cell, the D2D users which share the same frequency with the typical cellular link also form two PPPs having the density λ d , thus the coverage probability of a typical cellular link in SFR mode can be written as
Note that a 1 = σ 2 c P c C and a 2 = 2πλ d sinc(2/α) (P d /P c ) 2/α . As shown in the expression (38), the cellular coverage does not depend on the reuse factor δ as the inter-cell D2D interference can be neglected due to low D2D transmit powers. Assuming that a fraction 1/δ of total spectrum is allocated to each frequency band, the ergodic rate of cellular link over a cell is given from (38) by
As in (19) , the cellular rate simplifies for the case of large D2D link density and it is given by
Observe that the average rate (40) decreases with δ and it is maximized for δ = 1, i.e., universal frequency reuse mode.
2) D2D LINK
Given that the SFR is employed at cellular users, the effective cellular-to-D2D interference at a typical D2D receiver now is only from the cellular link that co-exists within the same cell. Further, the effective D2D interferers also constitute two PPPs with the density λ d . Denoting the set of such D2D interferers asˆ d,s , the aggregate interference power at the typical D2D receiver equals
Using the same approach used to obtain (23), we need to com- . As we assume that both cellular and D2D users are uniformly located within the circle with radius R, the PDF of l = X (c) 0 1 2 , which represents the distance from the cellular transmitter to the considered D2D receiver, is identical with that of D2D link distance. It then follows that the mean of l equals E [l] = 128R 45π [20] . Using g = G (c)
where the last result is from the approximation of E l 1 1+a/l α ≈ 1 1+a 2/α /E[l] 2 given in [9] . With a similar derivation as in (25) , the Laplace transform of D2D interference can be written as
Using (41) and (42) and noting that µ = 128 √ 2R 48π √ π , the coverage probability of the typical D2D link is given by
Since in each frequency band, the D2D links are allocated a fraction 1/δ of the total spectrum, we can obtain the achievable sum-rate of D2D links over a cell by substituting (43) into (8) as follows
We observe that, as the number of sub-bands δ increases to +∞, the achievable sum-rate R (SFR) d decays to 0, achieving its limit at δ = 1, i.e., universal frequency reuse mode.
B. FRACTIONAL FREQUENCY REUSE
Let f 0 denote the sub-band allocated to cellular users in the cell interior region and {f 1 , . . . , f δ } is the set of δ sub-bands employed in the cell-edge of multi-cell networks. We assume that f 0 is assigned a fraction ε of the total spectrum, while the remaining spectrum fraction (1 − ε) is equally allocated to the cell-edge bands, i.e., each band f k , k = 1, . . . , δ, occupies 1−ε δ of the total spectrum. In the following, we shall analyze the coverage probabilities and ergodic sum-rates of cellular and D2D links when the FFR mode is adopted.
1) CELLULAR LINK
As the cell-edge cellular users operating in the same spectrum are separated by large distances, a typical cellular user in cell-edge region now only experiences the interference from the underlaid D2D transmission sharing the same channel. When D2D users are located in the cell-edge region, many D2D links now will be separated from the BS by large distances, thus the D2D-to-cellular interference from such D2D links can be neglected. As a result, we shall tightly approximate the coverage probability of a typical cell-edge cellular user by assuming that the cell-edge cellular link is only affected by the interference from one D2D link which is uniformly placed within the considered cell. Denoting the radius of interior region asR ∈ [0, R], the coverage probability of a typical cell-edge cellular link can be obtained directly VOLUME 7, 2019 from the derivations of p (SFR) d (γ ) in (43) as follows
We observe that p
c,e (γ ) is maximized forR = 0, corresponding to the mode of standard frequency reuse.
For the cellular users located in cell interior, we assume that they are uniformly distributed within the circle having radiusR. Subsequently the coverage probability of inner cellular user can be found in the same manner as in the case of SFR, and it is given from (38) by
where a 1 = σ 2 c P c C and a 2 = 2πλ d sinc(2/α) (P d /P c ) 2/α . We also present the special case when the D2D interference becomes dominant as compared to the cellular interferer and noise powers. Given that, the coverage probability result of interior user will reduce to the simple expression
Observe that p (FFR) c,i (γ ) decays as the inner radiusR reduces to 0, which implies that smaller cell interior region results in better coverage for inner cellular users. This is because, in this case, the users are placed (in average) closer to the BS.
Denoting as the achievable sum-rates of cell-edge and interior cellular users over a cell, the total sum-rate of cellular links can be computed from (45) and (46) by the following integral equation
Given (48), it is interesting to investigate effects of FFR parameters, such as reuse factor δ and frequency partition parameter ε on the achievable sum-rate R
is maximized for δ = 1. Furthermore, considering the integrand nominator of (48), it is rewritten as p
c,e (γ ) log 2 (1 + γ ). When δ ≥ p (FFR) c,e (γ )/p (FFR) c,i (γ ), R (FFR) c increases to its limit as ε increases to 1, implying that more spectrum should be allocated to the interior cellular users in order to achieve the improved sum-rates. Otherwise, for δ < p decays as ε increases, so less spectrum should be assigned to the interior users.
2) D2D LINK
When a D2D user is located in cell-egde region, it suffers from the interference caused by the cellular transmitter and other D2D users operate in the same sub-band. We will adopt an approximate approach that the active D2D users in cell-egde regions now constitute a PPP with the densitŷ λ d = λ d 1 −R 2 R 2 . It follows that, by adopting a similar approach with the derivation of D2D coverage probability in SFR mode, the coverage probability of a typical cell-edge D2D link can be obtained from (43) as follows
d,e (γ ) monotonically increases aŝ R increases and it reaches the limit atR = R. Now we turn our attention to the interior D2D users in the case of FFR. The aggregate interference at a typical D2D receiver is from a cellular transmitter and co-channel D2D users. Assuming that both cellular and D2D users are uniformly distributed within the circle having radiusR and D2D users also form a PPP with density λ d , the coverage probability of interior D2D user can be obtained by using a similar approach as (43), and it is expressed as
which is also maximized forR = 0. The average numbers of D2D links located in inner and cell-edge regions are provided asR
. Utilizing the derivations of (18) and (48), the average sum-rates of D2D links per cell is given by
As a function of δ, R , we rewrite the numerator of integrand in (51) as
.
is improved by increasing ε. This result implies that, as the area of inner cell region increases, more spectrum should be assigned to the inner D2D users and vise versa.
VI. ILLUSTRATIVE RESULTS
In this section, numerical results are provided to confirm the approximations of performance metrics and illustrate their behaviors discussed in previous sections. A comparison between FD D2D networks, HD D2D networks, cellular network without D2D transmission as well as SFR and FFR is also made to demonstrate the benefits of FD D2D operations.
Our Monte Carlo simulations are performed as follows. Consider a network having square coverage area of A, the BSs are dropped according to a hexagonal grid in the network coverage; so the area of a hexagon is 1/λ b . The cellular users are placed according to a PPP having density λ c within the network region. For each BS, we randomly schedule a cellular transmitter so that there is always one cellular transmitter per cell, which can be ensured by choosing λ c λ b . The D2D users are placed according to a marked PPP with density λ = λ d /p s , where p s denotes the probability that the distance between two uniformly distributed points within the square region lies in the range [d min , d max ]. Such a probability is provided as
, where A is the network area. Given the D2D nodes, we then select the D2D links having distances in the range [d min , d max ]. The Rayleigh channel power gains are generated independently according to exponential distribution with unit parameter. In our simulations, we assume the cellular and D2D users use constant transmit powers P c and P d , respectively. Regarding the SFR and FFR, we select the reuse factor δ = 3. In particular, we adopt the reuse patterns as in Fig. 2 for both cellular and D2D users. In the SFR scheme, we choose the spectrum partition parameter equal to the ratio of areas between the inner region and the cell, i.e, ε =R 2 /R 2 . In all frequency reuse modes, the SINR statistics of cellular and D2D links are collected in the central hexagonal cells to avoid the boundary effect [11] . Unless state otherwise, Table 1 summarizes the numerical values of parameters used in our simulations.
A. UNIVERSAL FREQUENCY REUSE
Let first consider the case when the reuse factor δ = 1, i.e., universal frequency reuse (UFR). In the considered network, the average numbers of BSs per km 2 and equivalently cellular links become λ b A = (π 0.5 2 ) −1 · 5 2 = 31. The link density is selected as λ d = 40 links/km 2 . The average number of underlaid D2D links (per km 2 ) over a cell is therefore
In Fig. 3 , we first plot the coverage probabilities versus target SINR of the cellular uplink for λ D = 40 links/km 2 . To validate our approximation of coverage probability of cellular link in (13), Fig. 3 shows this approximation and corresponding coverage probability obtained by Monte Carlo simulation over wide range of SINRs. The tightness of approximation in (13) is clearly observed. In addition, the cellular coverage probability performances under HD D2D links and pure cellular transmission (i.e., in absence of D2D communications) are also shown in Fig. 3 . In general, the coverage probability is reduced as target SINR increases. In Fig. 3 , without D2D links, the cellular uplink uses its allocated frequency with only inter-cell cellular interference, and it is exponentially reduced the coverage probability versus increasing target SINR. In presence of interference of D2D links sharing the same frequency, the coverage probability is further reduced. Since a HD D2D link shares the same frequency in only one direction while a FD D2D link uses the same frequency in both two directions, more interference in the case of FD D2D degrades the coverage probability of cellular link as compared to the case of HD D2D. We should note that, in this work, the results related to HD D2D links are obtained by simulations.
In Fig. 4 , we also plot the approximation of corresponding coverage probability of D2D link in (29) with simulation result as well as with HD D2D transmission for λ D = 40 links/km 2 . As shown in Fig. 4 , the proposed approximation is fairly tight with simulation result, the obtained approximation is sufficiently accurate to compute the coverage probability. When the D2D links use HD mode, the coverage probability is improved as compared to FD D2D transmission. Fig. 5 illustrates the instantaneous sum-rates of cellular and D2D links for both HD and FD D2D operations. The numerical results in Fig. 5 verify the behaviors of the sum-rates analyzed in previous sections and shows the trade-off in terms of throughput when D2D networking is incorporated into existing cellular networks. Specifically, as target SINR γ increases to +∞, the sum-rate of cellular (D2D) increases (decays) to the limit at γ = 6 dB and monotonically decays (increases) to 0. In Fig. 5 , we also include both numerical and analytical results of cellular and D2D sum-rates, as well as the results of HD D2D links obtained by simulations. We observe that HD D2D allows to improve the cellular throughput but significantly reduces the D2D sum-rate. This is intuitive since HD D2D yields less D2D-to-cellular interference.
Similar results are also obtained for the ergodic sum-rates of cellular and D2D links. Specifically, Fig. 6 compares the cellular and D2D link sum-rates obtained by using the analytical expressions (18) and (36) to those obtained by Monte Carlo simulations for various D2D link densities. It can be seen from Fig. 6 that the two results are fairly close. Thus, the proposed approximations can be used effectively as accurate system benchmarks. Fig. 6 also illustrates the ergodic sum-rates when D2D links use HD transmission. As illustrated in Fig. 6a , FD D2D inevitably hurts the cellular sum-rate performance due to the increasing D2D-to-cellular interference as compared to the HD counterpart. The loss in terms of cellular throughput, however, can be compensated by significant D2D sum-rate gains obtained by FD D2D operation, as shown in Fig. 6b . Further, Fig. 6 shows that D2D links can offer substantially higher sum-rates than cellular links, indicating a large spectral efficiency gain by incorporating the D2D option.
In Fig. 7 , we plot the ergodic sum-rate of D2D links versus maximum D2D link distance for λ d = 40 links/km 2 . The results show a significant D2D link sum-rate achieved, especially with FD D2D at short distances. As maximum D2D link distance increases, the achieved D2D sum-rate exponentially reduces, which is in agreement with our previous discussion.
For FD and HD D2D performance comparison, we establish the FD-to-HD D2D sum-rate ratio and plot it versus the self-interference cancellation (SIC) in dB for different maximum D2D distances: 30 m, 50 m and 70 m in Fig. 8 for λ d = 40 links/km 2 . The results show that FD D2D can offer better sum-rate than HD D2D with sufficiently large SIC and shorter range, e.g., 1.7 times better at 70 m, 1.76 times better at 50 m and 1.8 times better at 30 m with SIC of 100 dB. However, for SIC larger than 100 dB, the FD-to-HD D2D sum-rate ratio seems to get stable at 1.8. Further, the results in Fig. 8 also indicate that the SIC of 100 dB is sufficient to achieve the best FD-to-HD D2D sum-rate ratio.
By defining this spectral efficiency gain as the ratio of the achieved total sum-rate (of both cellular uplink and D2D links) to the achieved rate of only cellular uplink (operating alone without D2D links in the same environmental conditions), Fig. 9 plots the resulting spectral efficiency gain versus D2D link density. The result in Fig. 9 indicates that, over the wide D2D link density range from 10 to 50 links/km 2 , the spectral efficiency gain linearly increases with the D2D link density for the cases of HD D2D and FD D2D with SIC of 80 dB. With better SIC of 100 dB, FD D2D offers a substantial improvement on spectral efficiency gain as compared to HD D2D. For example, in Fig. 9 , for a D2D link density of 40 links/km 2 , HD D2D achieves a spectral spectrum gain of 22 while FD D2D can offer 33.5 with SIC of 80 dB and 40 with SIC of 100 dB. It is also noticed that for D2D link density of higher 40 links/km 2 , increase in sum-rate (and in spectral efficiency gain) of FD D2D with SIC of 100 dB gets compressed. This can be explained by the fact that co-channel interference becomes dominant at higher D2D link density. In general, it is expected that the increase in sum-rate (and in spectral efficiency gain) of FD/HD D2D will get compressed and saturated at a certain sufficiently high D2D link density due to the dominant interference generated in the network.
B. COMPARISON WITH SFR AND FFR
In this section, we represent the key performance metrics including coverage probabilities of cellular and D2D link and ergodic sum-rates of cellular and D2D links when standard and fractional frequency reuse schemes are employed in the considered network. The results are then compared with those obtained in the universal frequency reuse scheme to demonstrate the trade-off between coverage and sum-rate.
In Fig. 10 , we first plot the coverage probabilities of cellular link under FFR, SFR, and UFR for the D2D link density λ d = 40 links/km 2 . In addition, we consider both HD and FD D2D transmission. It can be seen from Fig. 10 that the use of frequency reuse modes improves the coverage probabilities of cellular link, which is intuitive since the cellular receiver no longer suffers from the inter-cell interference. Further, the performance of interior cellular user in FFR outperforms that of typical user in SFR. Interestingly, we observe that the coverage probabilities of cell-edge cellular link in the cases of FD and HD D2D transmission are identical, implying that the coverage performance of a typical cellular link located in the cell-edge region shall essentially not be affected by the D2D interference. This is because, in this case, D2D links are placed (in average) far from cellular link. Similar observations are obtained in Fig. 11 where we plot the corresponding coverage probabilities of typical D2D link under FFR, SFR, and UFR for λ d = 40 links/km 2 . An improvement in D2D coverage can be observed when frequency reuse is employed. The performance of typical interior D2D user in FFR, however, is lower than the UFR counterpart. This is because, in the interior region of FFR, the cellular transmitter is located closer to the D2D users than in UFR.
Finally, Fig. 12 compares the ergodic sum-rates of cellular and D2D links between FFR, SFR, and UFR for HD and FD D2D transmission. It is shown that the sum-rate of D2D links (both FD and HD operation) with FFR and SFR is significantly lower than that with UFR. While FFR provides an improved cellular rate as compared to SFR, the D2D sum-rates with FFR and SFR are close in both cases of HD and FD D2D transmission.
VII. CONCLUSION
In this paper, we have studied the benefits of integrating FD D2D communications into existing cellular network under multi-cell setting where BSs are regularly placed according to a hexagonal grid and the locations of users were distributed according to Poisson point processes. Given the network model, analytical expressions of coverage probabilities and ergodic sum-rates of both cellular and D2D links were derived and the effect of network parameters to the cellular/D2D sum-rates was investigated. Our results revealed that significant performance gains in term of spectral efficiency can be achieved in the considered FD network as compared to the HD counterpart with sufficient self-interference cancellation levels. Further, D2D communications offered significant spectral efficiency gain as compared to pure cellular transmission. We also shown that, when standard and fractional frequency reuse schemes were employed, it helped enhancing the cellular rate as well as the coverage of both cellular and D2D links, but substantially degraded the D2D throughput performance.
